We study functional identities of the form Ý . respectively, f x , x g Z A , the center of A for all x g R. k The study of centralizing maps was initiated in 1957 by a well-known w x result of Posner 23 which states that the existence of a nonzero commut-ing derivation in a prime ring implies commutativity of the ring. Since then the result was generalized in different directions. It was shown that derivations, automorphisms and some other related maps cannot be com-Ž muting or centralizing on some subsets such as onesided and Lie ideals, . Ž . Ž w x w x symmetric and skew elements of semi prime rings see 7, 8 and 17 for . further references and results . The description of all centralizing maps of w x a prime ring of characteristic not 2 was obtained in 8 and the analogous w x Ž w x result for semiprime rings was given in 1 see 2, 6, 9, 11, 12, 20, 18 for . w x further results and references . In 9 commuting traces of biadditive maps in prime rings satisfying some additional conditions were characterized and the obtained characterization was the main tool in the determination of Lie isomorphisms of prime rings without the requirement of orthogonal Ž w x . w x idempotents see 22 for earlier results . In 1995 Bresar 11 initiated thě Ž . study of functional identities FI of degree 2 on prime rings. Simultanew x Ž . ously he 10 investigated generalized functional identities GFI of degree w x 2 on prime rings. Recently Chebotar 14 described GFIs of an arbitrary degree on prime rings. Subsequently FIs of an arbitrary degree on prime w x rings were investigated in 3 . We remark that many of the aforementioned results on k-commuting maps and commuting traces of m-additive maps on prime rings or Lie ideals of prime rings follow from more general w x results obtained in 3 . The study of commuting and centralizing additive maps in prime rings w x w x with involution was initiated in 13 . In 4 the description of commuting traces of trilinear maps of skew elements of prime rings with involution satisfying some additional conditions was applied to the determination of Ž w x Lie isomorphisms of prime rings with involution see 22 for earlier . w x results . Recently Chebotar 15 investigated GFIs with single antiautomorphism on prime rings. In the present article we study FIs of an arbitrary degree on prime rings with involution. Our results simultaneously generalw x w x ize those of 13, 4 and 3 .
We should make a qualifying remark about this article. All of the results are obtained under the assumption that there is a positive integer d Ž . approximately equal to twice the number of variables involved for which Ž the ring is not algebraic of bounded degree -d over the extended . centroid . Thus in particular the various results serve to reduce problems to rings satisfying a polynomial identity of low degree.
FUNCTIONAL IDENTITIES IN PRIME RINGS

Ž
. Throughout this section A will be a semi prime ring with maximal left ring of quotients Q and with extended centroid C. m l Ž . w x The main result of this section Theorem 2.8 was proved in 3 in the Ž . case of m y 1 -additive mappings. Here we remove this restriction. For the sake of completeness, as well for uniformity of notation, we choose to w x Ž reprove those particular results of 3 Theorems 2.4 and 2.5, Corollaries . 2.6 and 2.7 which are germane to the present article. We now state some results which will be frequently used in the sequel. The We now set some further notation in place. Let A be a prime ring, let Ä 4 mgN *, let a, b g N, let I and J be subsets of 1, 2, . . . , m , let E , F : 
Given a map
we set
Ž .
When there is no confusion, we shall write
We are interested in the situation where A satisfies a functional identity of the form,
Ž . for all x , x , . . . , x . An important special case of 1 occurs when 1 2 m asbs0,
Here E s E and F s F . An analysis of 2 appears to require an
Ž . analysis of the more complicated 1 .
Ž . An obvious solution of 1 immediately presents itself. Namely, consider the mappings, 
We are now in a position to prove the main result of this section.
for all x , x , . 
The statement now follows from Theorem 2. 5 . Analogously, if all the F s jŽ .
Ž . are given according to 10 , then all the E s are given according to 10 as iu well. < < < < We remark that if either I s 0 or J s 0 the theorem follows from Theorem 2.5. < < < < We proceed by induction on I q J . In view of the preceding remark < < < < the first case to consider is when I s 1 s J . There are essentially just two subcases to consider. and the proof of Subcase 2 is complete.
< < < < We may now assume I q J ) 2 and we make the inductive step. We < < may assume J G 2 and that 1, 2 g J. Set 
and so all the F s are in the standard form. However, as we saw before j¨Ž . this forces the E s to be given according to 10 and the proof is complete. igI, jgJ such that 
FUNCTIONAL IDENTITIES IN PRIME RINGS WITH INVOLUTION
In what follows A is a prime ring with involution ), with maximal left ring of quotients Q and with extended centroid c. We set
will be fixed elements such that t* s ⑀ t.
Our goal in this section is to establish the main result of this article: 
J q L and A satisfies the functional identity, 
If all the E s, F s, G s, and H s are m y 1 -additi¨e, then all the p s, q s,
Here it is understood that E means E x , .
The proof of Theorem 3.1 will ultimately rest on the analysis of a Ž situation which is in one sense more special than that of Theorem 3.1 the . Ž H terms are missing but in another sense more general powers of t l . appear . Therefore we will be for now interested in the situation where A Ž is a prime ring with involution which using terminology analogous to that . presented at the beginning of Section 2 satisfies a functional identity of the form,
Ž . We begin with a special case of 22 which is analogous to Theorem 2.4:
We proceed by induction on K . The case K s 0 is done by Theorem 2. 4 . We may now assume that 1 g K. Setting a c
Ž . we apply the familiar process of computing D tx y ⑀Dt to obtain
here it is understood that the E s are equal to 0 if 1 f I . Because 1 u < < < Ä 4< < < < < < Ä 4< < < aq1q I q KR 1 saq I q K and c q 1 q K R 1 s c q K , the degree condition on t holds again and so by induction we may conclude that Analogously, making use of Theorem 2.5, one can prove the following:
Ž .
Then each s 0.
Ýw w s 0 and we note that in particular ws 0 w w 
proof is complete. Ž . The next special case of 22 which we shall look at is
Then there exist unique maps r : 
Ž . we compute D tx y ⑀Dt and we obtain
Ž . noting that each F s 0 if 1 f J. Therefore we may rewrite 29 as
Ä 4. for appropriate F and G , where
< Ä 4< < < cause c q 1 q K R 1 s c q K , the degree condition on t again holds Ž . and so we may apply induction to 29 .
< <
Replacing x by x in 30 , we may apply Theorem 2.8 to complete the 1 1 proof in this case. < < Ž . We may now assume K ) 1 with, say, 1, 2 g K. By induction on 29 we see in particular, . D tx y ⑀Dt, etc. enables us to solve for G and so we have 
and A satisfies a b c 
where it is understood that F s 0 if 1 f J and G s 0 if 1 f K. Note 1¨1w < Ä 4< < < < < < Ä 4< < < < < that a q 1 q I R 1 s a q I , c q 1 q K q I R 1 s c q K q I and so the degree condition on t is satisfied. Therefore we may apply Ž . induction to 35 , which enables us in a familiar way to solve for G , Ž . An application of Theorem 2.8 to 37 then completes the proof. < < < < < < < < Proof of Theorem 3.1. By induction on I q L . The case I q L s 0 < < < < follows from Theorem 3. 5 
Replacing x by x x in 20 , we see that
where it is understood that E s 0 if 1 f I, F s 0 if 1 f J, G s 0 if
Jj mq1 if 1gL,
and
Ä 4
Kj mq1 if 1gI,
< < < < < < < < < < < < < < < < we see that IЈ q K Ј s I q K , JЈ q LЈ s J q L and so the degree < < < < < < < < condition on t holds again. Because 1 g I j L, IЈ q LЈ -I q L so Ž . we may apply induction to 38 . We get in particular, and LЈ, we obtain we see in particular that after rearranging of terms,
where s 0 if 1 f K. On the other hand, if 1 f L, then H s 0 and so
Analogously by the left᎐right 1 1 symmetry we have that 
Ž .
Applying the induction assumption to 43 , we complete the proof.
The following result follows directly from Corollary 3.4 and Theorem 3.1. If all the E s, F s, G s, and H s are m y 1 -additi¨e, then all the p s, q s Theorems 3.1 and 3.7 are the main general results of this article. From here on the direction will be to applications of these results. In Section 4 we will just be assuming that the functional identities hold on the symmetric elements or on the skew elements. In Section 5 we will be looking at Ž identities involving the traces of symmetric n-additive maps e.g., see
and suppose that A satisfies the functional identity,
. ␣ g 1, ) . It is under-
␤ < Ž . and we write x M if 1 s j and ␤ s ␣ . 
symmetric n y 1 -additi¨e maps U , V : A ª Q and symmetric n-
Proof. By induction on k s m y n, for k s 0, with the aid Theorem 3.2, we are done. To take the inductive step we write
By Theorem 3.7 in particular each of the expressions,
have the same form as 44 but with just the variables x , . . . , x . Using 
by induction the proof is complete. Given a nonnegative integer n, we denote by N N the set of all monomials 
for all x g A. Suppose that the following conditions are fulfilled:
Applying Lemma 3.9, we obtain that
for all x , . . . , x g A which proves the result. 
be symmetric n-additi¨e maps, and
Then there exist symmetric n y 1 -additi¨e maps U ,
and there exist symmetric n-additi¨e maps ⌳ :
my nq1 sy1
Ž . Ž . Proof. First assume that 1 or 2 is fulfilled. Clearly there exist Ž .
for all x g A. By Corollary 3.10, 
: A mq1 ªC. The result now follows from Lemma 3.8.
FUNCTIONAL IDENTITIES ON SYMMETRIC AND SKEW ELEMENTS
We continue to assume that A is a prime ring with involution ), and Ž . Ž . with symmetric elements S A and skew elements K A . Our main purpose in this section is to show that under appropriate conditions the main results of Section 2 remain valid when the identities involved are only Ž . Ž . assumed to hold on S A or to hold on K A . Of course this is entirely to be expected: just replace each variable by x q ⑀ x*, ⑀ s 1 or y1, and apply the results of Section 3. Because of the straightforwardness of the arguments we shall content ourselves with providing details of the proofs in a couple of instances but otherwise leaving the details for the reader to fill in. 
and so
The proof is complete. Analogously one can prove the following: Further let m ) 0, let I and J be subsets of 1, 2, . . . , m , let E , F : Analogously one can prove the following result. 
Then there exist a symmetric n y 1 -additi¨e map U: R ª C and there exist a symmetric n-additi¨e map ⌳:
for all x g R.
APPLICATIONS
To us one of the most striking applications of the theory of functional identities in prime rings with involution is the characterization of symmetric n-additive maps on the skew elements whose traces are commuting. A Ž . generalization of this Corollary 5.6 will therefore be one of our main goals in this section. First, however, we will need to develop results of a more general nature.
For the sake of simplicity we consider functional identities involving one variable only, but the same methods are applicable to the multivariable case too. , D# g Q and there exist additi¨e maps ⌳ : 
